安定・不安定多様体からみる相空間の輸送 (力学系と微分幾何学) by 平田, 吉博
Title安定・不安定多様体からみる相空間の輸送 (力学系と微分幾何学)
Author(s)平田, 吉博



















( ) , ( )
, 3.







. 2 3 ,
. 4
, 5 . 6
, 7
, .








$H=H(q,p)$ , $q,p\in R^{N+1}$ , $H$ : $R^{N+1}\cross R^{N+1}arrow R$ ,
$. \cdot=\frac{\partial H}{\partial p}$ , $\dot{p}=-\frac{\partial H}{\partial q}$ . (1)
$N=0$ (1 ) ,
, , ,








. , – $N+1$
$M_{a}:=\{(q,p)\in R^{N+1}\mathrm{x}R^{N1}+|\Phi_{j}=a_{j}, j=1, \ldots, N+1\}$ ,
$N+1$ $T^{N+1}$ .
$\bullet$ M .






, . $(q,p)-\succ(\theta, J)$ ,
$H=H_{0}(J)$ (2)
. . ,
$\dot{\theta}=\frac{\partial H_{0}}{\partial I}=\omega(J)$ , $j_{=}- \frac{\partial H_{0}}{\partial\theta}=0$ (3)
, . ,
$\theta(t)=\omega(\text{ })t+\theta(0)$ , $\text{ }(t)=\text{ }(\mathrm{o})$ (4)
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, ” ” , $\theta$
.
$N\geq 1$ ,
. - , .
, $N\geq 1$ .
, .
,
$H=H_{0}(J)+\epsilon H1(\theta, J)+\epsilon H_{2}2(\theta, \text{ })+\ldots$ (5)
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, , $2N+2$
$2N+1$ ( ) .
, $2N$ (Poincar\’e )
. Poincar\’e , $-$
. Poincar\’e
, – . , $2N+1$
2N – ,
. Poincar\’e ( 1 ). $N=1$















$(q_{1}(t), \ldots, oN+1(\lrcorner t),p_{1}(t), \ldots,pN+1(t))$ ,
$\sum_{j=1}^{N+1}dqj(t)\wedge dp_{j}(t)=N\sum^{+1}j=1dqj(\mathrm{o})\wedge dp_{j}(0)$ (6)
. Poincar\’e $\Sigma=\{(q,p)|q_{N+}1=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{t}., p_{N}+1>0\}$
. $\Sigma$ $(q_{1}, \ldots, q_{N},P1, \ldots ,p_{N})$
. Poincar\’e $f$ , $f$ : $\Sigma\ni(q,p)\mapsto(q’,p’)\in\Sigma$ . ,
Poincar\’e :
$\sum_{j=1}^{N}dq’j^{\wedge}dp_{j}’=\sum dqjj=N1$ A $dp_{j}$ . (7)
$\langle$ , Poincare-Cartan
. $N=1$ , (7)
( 2).
, , Poincar\’e –
4. 1979 Chirikov , ,
2 Poincar\’e [4].
, (The standard maP; $\mathrm{S}\mathrm{M}$ ) 2
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. $N$ . KAM
, $N$ . - ,
$2N-1$ , $N\geq 3$ KAM
. , KAM ,




, Arnold . 1964 , Arnold
$H=H_{0}+\epsilon H_{1}$ , (11)
$H_{0}= \frac{1}{2}(I_{1}2+I_{2}^{2})$ , (12)
$H_{1}=(\cos\emptyset 1^{-}1)(1+\mu B)$ , (13)
$B=\sin\phi_{2}+\cos t$ , (14)
, $\epsilon$ ,
[7]. ,















$H=H_{0}(\text{ })+\epsilon H1(J, \theta)$ (15)
, I $<<1$ [9].
(15) , Poincar\’e
. , $H_{0}(J)$ ”steep” .
, .
, .
Nekhoroshev $\epsilon$ $\text{ }(t)$ ,
$|\text{ }(t)-\text{ }(\mathrm{o})|<C1\epsilon^{\alpha}$ , for $0<t< \exp(\frac{1}{C_{2}\epsilon^{\beta}})$ (16)
, .
$\alpha,$











, 2 Poincar\’e .
54
Poincar\’e $f$ : $Darrow D,$ $D\subset R^{2}$ , $x_{0}\in D$ $f$ .
$f(x_{0})=x0$ . $x_{0}$ $\text{ _{}W}x_{0}\pm$ ,






$H= \frac{1}{2}(p_{1^{+}}^{2}p_{2}^{2})+\frac{1}{2}(q_{1}4-q_{1}^{2})+\frac{1}{2}q_{2}^{2}+\epsilon\tilde{V}(Q1, q_{2})$ (18)
2 $q_{2}=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}.,p_{2}>0$ Poincar\’e
. $\epsilon$ , .
$\epsilon=0$ , (18) , 2 1
, :
$H=H^{(1)}+H^{(2})$ , (19)
$H^{(1)}= \frac{1}{2}p21+\frac{1}{2}(q^{4}1-q1)2\cdot$ , (20)
$H^{(2)}= \frac{1}{2}p_{2}^{2}+\frac{1}{2}q_{2}^{2}$ . (21)
, H( , $H^{(2)}$
. , $2\pi$ .
Poincar\’e , $H^{(1)}$ 1
, $2\pi$ .
3 Poincar\’e .
$(0,0),$ $(\pm 1/\sqrt{2},0)$ 3 . ,




(separatrix, ) . ,
6 Poincar\’e ,
. 2 , 1 ,
$\{\lambda, 1/\lambda\}$ . $(\lambda=\mathrm{e}^{i\theta})$ .
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.
$\epsilon\neq 0$ , 2 .











































– , Melnikov [11] . 1963 Melnikov ,
1





, $g$ $t$ $T$ .







3 , Melnikov :
$M(t_{0})= \int_{-\infty}^{\infty}f(qS(t-t_{0}))\wedge g(qS(t - t_{0}), t)dt$. (23)
wedge ,
$a\wedge b=a_{1}b_{2^{-}}a_{2}b_{1}$ , $a=,$ $b=$ (24)
. $g$ , $G(u, v;t)$
$g_{1}=\partial G/\partial v,$ $g_{2}=-\partial G/\partial u$ , (23) ,
$M(t_{0})= \int_{-\infty}^{\infty}\{H(q_{s}(t-t_{0}), G(q_{S}(t-t\mathrm{o}), t)\}dt$ (25)
.





. , Melnikov ,
.
Melnikov , , 1
. $1+\epsilon^{k},$ $k>0$
, – (The principal intersecting point; PIP)




, $\epsilonarrow 0$ $\mathcal{O}(\exp(-\alpha/\epsilon^{\beta})),$ $\alpha,$ $\beta>0$ 9.
$\mu$
$\epsilon$ , $\mu=\mu(\epsilon)$
, Melnikov . ,
. .
5.3
$\epsilon\sin(2\pi t/\epsilon)$ , , Melnikov
. $\langle$ Melnikov
, .





. 1989 , –
[13]. ,
, .




Lazutkin , 1993 Hakim Mallick Borel
[15]. , ,
.




1996 , (The double-
well maP; $\mathrm{D}\mathrm{w}$) [17]. –
$\phi$ , $\epsilon$ :
$| \phi|\leq\frac{C}{\epsilon^{\sigma}}\exp(-\frac{\pi^{2}}{\epsilon})$ , $C,$ $\sigma>0$ . (26)
$\sigma=3$ , $\sigma=5$
94.2 Arnold . Arnold Melnikov
. ’
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, $2N$ $(q, p)-\succ(q’, p’),$ $q=(q_{1}, \ldots, q_{N})\in$





$q_{j}’$ $=$ $q_{j}+\epsilon p_{j}’$
(27)
. $0<\epsilon<<1$ , $f(q_{j})$ 2
, $\tilde{f}_{j}$ .
, 2 , 2 11 :
$f(q_{j})=\{$
$q_{j}-2q_{j}^{3}$ , The double-well map $(\mathrm{D}\mathrm{W})$ ,
$\sin q_{j}$ , The standard map $(\mathrm{S}\mathrm{M})$ .
(28)
,
$\tilde{f}_{j}(q)=\frac{\partial\tilde{\text{ }}{\partial q_{j}}}$ , (29)
$\tilde{\text{ }}(q)=\sum^{N}j=1[\frac{1}{2}a_{j}(q_{j}-q_{j}+1)2\frac{1}{4}+b_{j(}qj-qj+1)^{4}]$ , (30)
. $q_{N+1}=q_{1}$ .
(28) $f(q_{j})$ , $(0, \ldots, 0)$ $2N$
, $N$ 2 .
, $N$
. , (30) , - 6
. , .
$a_{1}=\cdots=a_{N}=a,$ $b_{1}=\cdots=b_{N}=b$ .
10 , [18] .








1 . , $N$
[21].








(32) , $q_{j}(t;\epsilon)=q_{j,0}(t)+\epsilon^{2}q_{j,1}(t)+\mathcal{O}(\epsilon^{4})$ ,
$\frac{d^{2}q_{j,0}}{dt^{2}}=f(q_{j},0)$ , (33)
$\frac{d^{2}q_{j,1}}{dt^{2}}=f_{j}’(qj,0)qj,1+\tilde{f}_{j},1(q_{0})$ (34)
, $\epsilon$ . $f_{j}’(q_{j,0})= \frac{\partial f}{\partial q_{j}}(q_{j},0),\tilde{f_{j,1}}(q\mathrm{o})=$
$\tilde{f_{j}}(q_{j,0})-\frac{1}{12}$ $\frac{d^{4}q_{j,0}}{dt^{4}}$ . 1 ,
.
(33) , 1 .
$s_{j}(t)$ , $s_{j}(t)=s(t+t_{j})$ ,
$s(t)=\{$
sech$(t)$ , for DW











. $gj(t)=g(t+tj),$ $g(t)= \dot{S}\int\frac{dt}{\dot{s}^{2}}$ .
$t_{j}=0,$ $j=1,$ $\ldots,$ $N$ . (37)
. $j$ . 1
. $j$ , 2
. ,
. ,
$\epsilonarrow 0$ , .
, $N$ , $N$
. , $t$ $t_{1},$ $\ldots,$ $t_{N}$ $N$
. (27) , 1
. $N-1$ $t$ $N$
.
, .
$(t_{1}, .t_{N}):. ,=(\alpha_{1}, \ldots, \alpha_{N})M,$ $M\in GL(n, R)$ .
$M=$ (38)
. $\alpha_{N}=0$ . $t,$ $\alpha_{1,\}}\ldots\alpha_{N-1}$
. $t=\alpha_{N},$ $\alpha=(\alpha_{1}, \ldots, \alpha_{N})$ .
, . $\epsilon^{2}$
$\gamma^{\pm}(\alpha)=(q^{\pm}(\alpha),p^{\pm}(\alpha))$ .
$\gamma(\alpha^{0}),$ $\alpha^{0}=(0, \ldots, 0, t^{0}),$ $t^{0}=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}$.
. ,
$X_{j}^{\pm}= \frac{\partial\gamma^{\pm}}{\partial\alpha_{j}}(\alpha^{0}),$ $j=1,$ $\ldots,$ $N$ . $\phi_{j,k},$ $j,$ $k\in\{1, \ldots, N\}$ , $X_{j}^{+}$ $X_{k}^{-}$
.
$\phi_{j,k}=\cos^{-}\frac{X_{j}^{+}\cdot X_{k^{-}}}{|X_{j}^{+}||X^{-}k|}1$ . (39)
62
$\phi_{N,N}$ 1 , (26) .
, (37) . $j=1,$ $\ldots,$ $N-1$ ,
$\phi_{j,j}=\frac{\epsilon^{2}}{\dot{s}(t^{0})^{2}+\ddot{s}(t0)^{2}}[9+(g(t^{0})^{2}+\dot{g}(t0)^{2})(\dot{S}(t^{0})^{2}+\ddot{S}(t^{0})^{2})]\frac{1}{2}+\mathcal{O}(^{4}\epsilon)$ , (40)
$\phi_{j,j+1}=\frac{2\pi}{3}+\mathcal{O}(\epsilon^{2})$ , $j\neq N-1$ , (41)




, $N-1$ $\epsilon^{2}$ , $\mathcal{O}(1)$
. (41) ,
. (38) ,
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